Summary. We establish a new Easton theorem for the least supercompact cardinal κ that is consistent with the level by level equivalence between strong compactness and supercompactness. This theorem is true in any model of ZFC containing at least one supercompact cardinal, regardless if level by level equivalence holds. Unlike previous Easton theorems for supercompactness, there are no limits on the Easton functions F used, other than the usual constraints given by Easton's theorem and the fact that if δ < κ is regular, then F (δ) < κ. In both our ground model and the model witnessing the conclusions of our theorem, there are no restrictions on the structure of the class of supercompact cardinals.
1. Introduction and preliminaries. Say that a model of ZFC witnesses level by level equivalence between strong compactness and supercompactness (which we will henceforth abbreviate as just level by level equivalence) iff for every measurable cardinal κ and every regular cardinal λ > κ, κ is λ strongly compact iff κ is λ supercompact, except possibly if κ is a measurable limit of cardinals δ which are λ supercompact. Models containing supercompact cardinals which also witness the level by level equivalence between strong compactness and supercompactness and satisfy GCH were first constructed in [5] .
We remark that the exceptions in the previous paragraph are provided by a theorem of Menas [12] , who showed that if κ is a measurable limit of cardinals δ which are λ strongly compact, then κ is λ strongly compact but need not be λ supercompact. When this situation occurs, we will henceforth say that κ is a witness to the Menas exception at λ. If κ is measurable and for every regular cardinal λ > κ, κ is λ strongly compact iff κ is λ supercompact, then we will say that κ is a witness to level by level equivalence between strong compactness and supercompactness.
We continue now with the main narrative. In [1] and [2] , the following theorems were proven.
Theorem 1 ([1]). Let V
"ZFC + GCH + Level by level equivalence between strong compactness and supercompactness holds + K = ∅ is the class of supercompact cardinals + κ is the least supercompact cardinal". Let A = {δ ≤ κ | δ is either a strong cardinal or the regular limit of strong cardinals}. Suppose that F : A → κ, F ∈ V is a function with the following properties.
(1) F (δ) ∈ (δ, δ * ) is a cardinal, where δ * is the least strong cardinal above δ.
(2) cof(F (δ)) > δ. (3) If δ ∈ A is λ supercompact for λ > δ, then there is an elementary embedding j : V → M witnessing the λ supercompactness of δ generated by a supercompact ultrafilter over
There is then a cardinal and cofinality preserving partial ordering P ∈ V such that V P "ZFC + K is the class of supercompact cardinals (so κ is the least supercompact cardinal ) + Level by level equivalence between strong compactness and supercompactness holds + For every δ ∈ A, 2 δ = F (δ)".
Theorem 2 ([2]
). Let V "ZFC + GCH + Level by level equivalence between strong compactness and supercompactness holds + K = ∅ is the class of supercompact cardinals + κ is the least supercompact cardinal". Let A = {δ ≤ κ | δ is a regular cardinal which is not the successor of a singular cardinal and ¬∃γ < δ [γ is α supercompact for every α < δ]}. Suppose that F : A → κ, F ∈ V is a function with the following properties.
(4) If δ ∈ A is λ supercompact for λ > δ, then there is an elementary embedding j : V → M witnessing the λ supercompactness of δ generated by a supercompact ultrafilter over
Theorem 3 ([2]
). Let V "ZFC + GCH + Level by level equivalence between strong compactness and supercompactness holds + K = ∅ is the class of supercompact cardinals + κ is the least supercompact cardinal". Let A = {δ ≤ κ | δ is either a strong cardinal or the regular limit of strong cardinals}. Suppose that F : A → κ, F ∈ V is a function with the following properties.
, then there is an elementary embedding j : V → M witnessing the λ supercompactness of δ generated by a supercompact ultrafilter over
As in [2] (from which we quote), the use of δ +16 and δ +17 in the statement of Theorem 3 is for ease of presentation and comprehensibility. In essence, δ +17 should be seen as representing any suitable regular cardinal λ for which it will be the case that 2 δ = λ. The cardinals δ +16 and δ +17 may be viewed as a form of "wild card" standing in for the more general possibilities. Readers are referred to [2] for additional details.
In Theorems 1-3, there are severe restrictions placed on the witnessing Easton functions F . In particular, F (δ) has harsh constraints placed on the values it may take, and specifically must be well-behaved with respect to the appropriate supercompactness embeddings. This raises the general question of whether it is possible to prove an Easton theorem for the least supercompact cardinal consistent with level by level equivalence in which the only limitation placed on the witnessing Easton function F (beyond the usual ones for Easton functions) is that for δ below the least supercompact cardinal κ, F (δ) < κ.
The purpose of this paper is to answer this question in the affirmative. More specifically, we will prove the following theorem. Theorem 4. Let V "ZFC + GCH + Level by level equivalence between strong compactness and supercompactness holds + K = ∅ is the class of supercompact cardinals + κ is the least supercompact cardinal". Let A = {δ < κ | δ is a nonmeasurable regular cardinal and ¬∃γ < δ [γ is α supercompact for every α < δ]}. Then A is a stationary subset of κ. Further, suppose that F : A → κ, F ∈ V is a function with the following properties.
There is then a cardinal and cofinality preserving partial ordering P ∈ V which also preserves the stationarity of A such that V P "ZFC + K is the class of supercompact cardinals (so κ is the least supercompact cardinal ) + Level by level equivalence between strong compactness and supercompactness holds + For every δ ∈ A, 2 δ = F (δ)".
Restrictions (1) and (2) are the usual ones for Easton functions. Restriction (3) is necessary since otherwise, for some δ < κ, V P "2 δ ≥ κ", contradicting the supercompactness of κ in V P .
Thus, it is possible to find a stationary subset A of the least supercompact cardinal κ such that an arbitrary Easton function F can be realized on A while preserving all ground model supercompact cardinals, the stationarity of A, and level by level equivalence. In addition, the generic extension realizing F will contain the same supercompact cardinals as the ground model. Further, since F is completely arbitrary, it does not have to satisfy any definability constraints, including those given by Menas in [11] . Consequently, as our proof (which is quite different from the proofs of Theorems 1 -3 and [11, Theorem, Section 18, pp. 83-88]) will show, we have in fact established a completely new Easton theorem for supercompactness, which is valid in any model of ZFC containing at least one supercompact cardinal (including those in which level by level equivalence does not hold).
Before presenting the proof of our theorem, we briefly state some preliminary information. Our notation and terminology will follow that given in [1] and [2] . We do wish to mention a few things explicitly, however. For κ a regular cardinal and α an ordinal, Add(κ, α) is the standard Cohen partial ordering for adding α Cohen subsets of κ. A partial ordering P is κ-directed closed for κ a regular cardinal if for every directed set of conditions D of size less than κ, there is a single condition extending each member of D. If G is V -generic over P, we will abuse notation slightly and use both V [G] and V P to indicate the universe obtained by forcing with P. We will, from time to time, confuse terms with the sets they denote and write x when we actually meanẋ orx.
We mention that we are assuming familiarity with the large cardinal notions of measurability, strongness, strong compactness, and supercompactness. Interested readers may consult [8] .
A corollary of Hamkins' work on gap forcing found in [6, 7] will be employed in the proofs of our theorems. We therefore state as a separate theorem what is relevant for this paper, along with some associated terminology, quoting from [6, 7] when appropriate. Suppose P is a partial ordering which can be written as Q * Ṙ, where |Q| < δ, Q is nontrivial, and Q "Ṙ is δ + -directed closed". In Hamkins' terminology of [6, 7] , P admits a gap at δ. In Hamkins' terminology of [6, 7] , P is mild with respect to a cardinal κ iff every set of ordinals x in V P of size less than κ has a "nice" name τ in V of size less than κ, i.e., there is a set y in V , |y| < κ, such that P "τ ⊆y". Also, as in the terminology of [6, 7] and elsewhere, an embedding j : V → M is amenable to V when j A ∈ V for any A ∈ V . The specific corollary of Hamkins' work from [6, 7] we will be using is then the following.
Theorem 5 (Hamkins) . Suppose that V [G] is a generic extension obtained by forcing with P that admits a gap at some regular δ < κ. Suppose further that j :
Theorem 5 implies that if κ is supercompact in V P and P admits a gap below κ, then κ was supercompact in V as well. In addition, if κ is strongly compact in V P and P is both mild with respect to κ and admits a gap below κ, then κ was also strongly compact in V .
The proof of Theorem 4.
We turn now to the proof of Theorem 4. Suppose V "ZFC + GCH + Level by level equivalence between strong compactness and supercompactness holds + K = ∅ is the class of supercompact cardinals + κ is the least supercompact cardinal". Let A and F : A → κ be as in the hypotheses of Theorem 4. We begin by showing that A is a stationary subset of κ.
Lemma 2.1. In V , A = {δ < κ | δ is a nonmeasurable regular cardinal and ¬∃γ < δ [γ is α supercompact for every α < δ]} is a stationary subset of κ.
Proof. Let j : V → M be an elementary embedding generated by a normal measure µ over κ such that M "κ is not measurable". By [4, Lemma 2.1] and the succeeding remarks, in both V and M , κ is a limit of strong cardinals. Further, for no γ < κ is it the case that M "γ is α supercompact for every α < κ". This is since otherwise, for η < κ such that M "η is a strong cardinal", M "γ is α supercompact for every α < η". Thus, by [3, Lemma 1.1], M "γ is supercompact". However, since M "j(γ) = γ is supercompact", V "γ is supercompact" as well. This contradicts that γ < κ and V "κ is the least supercompact cardinal". As M "κ is regular", it is therefore the case that κ ∈ j(A). Hence, A ∈ µ, from which it immediately follows that V "A is a stationary subset of κ". This completes the proof of Lemma 2.1.
We next turn to the definition of the partial ordering P used in the proof of Theorem 4. We take as our convention for the duration of this paper that all product partial orderings have Easton support. P will be defined as Add(ω, 1) * (Ṗ 1 ×Ṗ 0 ), where both P 1 and P 0 are products. To define P 1 and P 0 , let δ 0 be the least inaccessible cardinal (which is the same in either V or V 0 = V Add(ω,1) ). Write A = A 0 ∪ A 1 , where A 0 = {γ ∈ A | γ < δ 0 } and A 1 = {γ ∈ A | γ ≥ δ 0 }. Note that by the definition of A, A 0 consists of all of the regular cardinals less than δ 0 . We can now, working in V 0 , let
Add(γ, F (γ)) and P 0 = γ∈A 0 Add(γ, F (γ)). Since by the definitions of P 1 and P 0 , P 1 × P 0 is the Easton support product γ∈A Add(γ, F (γ)), the standard arguments concerning Cohen, iterated, and Easton forcing (see [8] ) show that forcing with P preserves cardinals and cofinalities and V P "For every γ ∈ A, 2 γ = F (γ)".
A few words are perhaps now in order concerning the intuition behind the above definition of P. P begins by forcing with Add(ω, 1) to introduce a sufficiently low gap, so that Theorem 5 can be applied. The partial orderings P 0 and P 1 are used in the proofs of Lemmas 2.2-2.4, which is why γ∈A Add(γ, F (γ)) is factored as P 1 × P 0 . Lemma 2.2. Suppose V "δ < λ are such that δ is λ supercompact and λ is regular". If F (γ) < δ for every γ < δ, then V P "δ is λ supercompact".
Proof. Since |Add(ω, 1)| = ω < δ, by the Lévy-Solovay results [10] , V 0 "δ is λ supercompact". We continue to work in V 0 for the remainder of the proof of this lemma. By hypothesis, F (γ) < δ for every γ < δ. Since δ 0 is the least inaccessible cardinal in either V or V 0 , we have δ 0 < δ. Hence, F (γ) < δ for every γ ∈ A 0 . Therefore, by the definition of P, |P 0 | < δ. This means by the results of [10] F (γ) ). By the definitions of A and P and our hypothesis that F (γ) < δ for γ < δ, we infer that |Q 0 | ≤ δ, Q 0 is δ-c.c., and the first regular cardinal on which Q 1 acts is at least λ ++ . Thus, by its definition, Q 1 is λ ++ -directed closed, so forcing with Q 1 over V 0 adds no new subsets of λ + . Also, since V 0 GCH, we see that V Q 0 0 "2 γ = γ + for all cardinals γ ≥ δ", from which it immediately follows that V
By [8, Lemma 15 .19], we hence infer that forcing with Q 1 over V Q 0 0 adds no new subsets of 2 [λ] <δ . This means that
We consequently now show that V Q 0 0 "δ is λ supercompact" by considering the following two cases. Case 2: |Q 0 | = δ. Let j : V 0 → M be an elementary embedding witnessing the λ supercompactness of δ generated by a supercompact ultrafilter over δ. By GCH in both V 0 and M , M "δ is α supercompact for every α < λ". The definition of P therefore implies that j(Q 0 ) = Q 0 × R, where the first cardinal in M on which R acts is at least λ + . Further, the definition of P implies that M "|R| ≤ j(δ) and R is λ + -directed closed". Consequently, because M λ ⊆ M , V 0 "R is λ + -directed closed" as well. In addition, the number of dense open subsets of R present in M is at most 2 j(δ) , which by GCH in both V 0 and M is (j(δ)) + = j(δ + ). However, since λ ≥ δ + , by GCH in V 0 it follows that
We can therefore use the usual diagonalization arguments (as given, e.g., in the construction of the generic object
, we may work in V 0 and form an increasing sequence q α | α < λ + of elements of R such that q α ∈ D α for every
Cases 1 and 2 complete the proof of Lemma 2.2.
Lemma 2.3. V P "Every measurable cardinal δ is either a witness to level by level equivalence or is a witness to the Menas exception at λ for some λ > δ", i.e., V P "Level by level equivalence holds".
Proof. Suppose V P "δ < λ are such that δ is λ strongly compact and λ is regular". We prove Lemma 2.3 by considering the following three cases, where we adopt throughout the notation and terminology of Lemma 2.2.
Case 1: δ > κ. When this occurs, then by its definition, |P| = κ < δ. Consequently, since V "Level by level equivalence holds", by the results of [10] , V P "Either level by level equivalence holds at δ, or δ is a witness to the Menas exception at λ".
Case 2: δ = κ. Then the analysis given in Lemma 2.2 (specifically, Case 2) shows that for any regular λ > κ, V P "κ is λ supercompact". Thus, V P "κ is supercompact". In this situation, A 3 = ∅, and Q 1 is trivial forcing.
Case 3: δ < κ. It is then true that V P = V Add(ω,1) * (Ṗ 1 ×Ṗ 0 ) "δ is λ strongly compact". Note it must be true that for all γ ∈ A 0 , F (γ) < δ. This is since if γ ∈ A 0 , then γ < δ 0 < δ, so if F (γ) ≥ δ, then by the definition of P, V P "2 γ ≥ δ". This contradicts the fact that V P "δ is λ strongly compact". Because V P "δ is Mahlo" and forcing cannot create a new Mahlo cardinal, V "δ is Mahlo and hence inaccessible". Since δ 0 < δ and δ is inaccessible, it therefore follows by the definition of P that Add(ω,1) "|Ṗ 0 | < δ". Thus, by the results of [10] , V P = V Add(ω,1) * (Ṗ 1 ×Ṗ 0 ) "δ is λ strongly compact" iff V Add(ω,1) * Ṗ 1 "δ is λ strongly compact". It is hence true that V Add(ω,1) * Ṗ 1 "δ is λ strongly compact".
By its definition, Add(ω, 1) * Ṗ 1 is such that |Add(ω, 1)| = ω, Add(ω, 1) is nontrivial, and Add(ω,1) "Ṗ 1 is ℵ 2 -directed closed". In addition, by the same analysis as given in the preceding paragraph, if γ ∈ A 2 , then F (γ) < δ (so in particular, since A 0 ∪ A 2 = {γ ∈ A | γ < δ}, we infer that F (γ) < δ for every γ < δ). From this, the factorization in V 0 of P 1 as Q 0 × Q 1 , and the fact that both Q 0 and Q 1 are Easton products, it further follows that Add(ω, 1) * Ṗ 1 is mild with respect to δ. Consequently, by Theorem 5, V "δ is λ strongly compact". Because level by level equivalence holds in V , V "Either δ is λ supercompact, or δ is a measurable limit of cardinals η which are λ supercompact".
If V "δ is λ supercompact", then by Lemma 2.2, V P "δ is λ supercompact". If V "δ is a measurable limit of cardinals η which are λ supercompact", then let η 0 < δ be least such that V "η 0 is λ supercompact". By its definition, there is no γ ∈ A with η 0 ≤ γ ≤ λ + . Thus, we can write
If γ ∈ A 4 , then γ < η 0 < δ < λ. Hence, by the same analysis as in the preceding two paragraphs, F (γ) < δ. Also, by its definition, |A 4 | ≤ η 0 . This means that if we define in V 0
Add(γ, F (γ)) and
Add(γ, F (γ)), then V 0 "|Q 2 | < δ and Q 3 is λ ++ -directed closed". It consequently follows from the results of [10] that V Q 2 0 "δ is a measurable limit of cardinals η which are λ supercompact". Because GCH in V 0 yields V = V P "δ is a measurable limit of cardinals η which are λ supercompact". Consequently, we have that V P "Either δ is λ supercompact, or δ is a measurable limit of cardinals η which are λ supercompact", i.e., V P "Either level by level equivalence holds at δ, or δ is a witness to the Menas exception at λ". Cases 1-3 complete the proof of Lemma 2.3.
We note that the same analysis given in the first paragraph of Case 3 of Lemma 2.3 allows us to infer that if V P = V Add(ω,1) * (Ṗ 1 ×Ṗ 0 ) "δ is λ supercompact", then V Add(ω,1) * Ṗ 1 "δ is λ supercompact" as well. We will make use of this fact in the proof of Lemma 2.4.
Lemma 2.4. V P "K is the class of supercompact cardinals".
Proof. We adopt the notation of the preceding lemmas. Since |P| = κ, by the results of [10] , V P "The class of supercompact cardinals above κ is the same as in V ", i.e., V P "K \ {κ} is the class of supercompact cardinals above κ". We also know that by Case 2 of Lemma 2.3, V P "κ is supercompact". Thus, to complete the proof of Lemma 2.4, it suffices to show that V P "No cardinal δ < κ is supercompact" To see that this is true, suppose to the contrary that V P "δ < κ is supercompact". Since V "κ is the least supercompact cardinal", let λ > δ be such that V "δ is not λ supercompact". We must have that V P "δ is λ supercompact". As we have just observed, the analysis given in Case 3 of Lemma 2.3 shows that V P = V Add(ω,1) * (Ṗ 1 ×Ṗ 0 ) "δ is λ supercompact" iff V Add(ω,1) * Ṗ 1 "δ is λ supercompact". The factorization of Add(ω, 1) * Ṗ 1 given in the first sentence of the second paragraph of Case 3 in Lemma 2.3 together with Theorem 5 then show that V "δ is λ supercompact", a contradiction. This completes the proof of Lemma 2.4.
Since by its definition, P is κ-c.c., by [9, Exercise H2, p. 247], A remains stationary in V P . Lemmas 2.1-2.4 and the intervening remarks therefore complete the proof of Theorem 4.
As in [1] and [2] , we conclude by asking what other types of Easton theorems are consistent with the level by level equivalence between strong compactness and supercompactness. In particular, is it possible to include regular cardinals in the domain of the Easton function F which are above the least supercompact cardinal κ? This is precluded by the restrictions on A given in Theorem 4. Is it possible for F 's domain to be all regular cardinals, as in Easton's original result? Which cardinals may be included in F 's range? Finally, are there any GCH patterns which are incompatible with the level by level equivalence between strong compactness and supercompactness?
